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We contmue our study of the spectral theory of the multiparameter system 
[T,, LTrS], where T,, V,, are self-adjoint operators in a Hrlbert space H, , 
r, s = l,..., k. In contrast to our earlier works we assume the T, to be bounded 
and the V,. unbounded (although we require the VT;-, to be pairwise commutative). 
We use the strong definiteness condition on A,, = det{ V7J in demanding that 
it be strictly positive definite in H, the tensor product of the spaces HI ,..., Hk . 
X generalized eigenvector expansion and Parseval equality are obtained. 
1. INTRODUCTION 
In this paper we continue our study of multiparameter spectral theory. Our 
earlier works [2-4] contain references to the recent literature on multiparameter 
problems both in the abstract setting and in the case of linked systems of ordinary 
differential equations. 
In studying multiparameter systems [T, , I’FS] (we use the notation of [24]) 
it is important to develop a spectral theory under varying hypotheses of bounded- 
ness and unboundedness of the operators T,. , V,, and varying definiteness 
conditions on the operator A, = det{V,,}. The exact conditions to be used here 
are outlined below and complement the situations already investigated in [2-4]. 
We introduce some notation. Let Hi ,..., HI; be separable Hilbert spaces and 
H = @zzc, H,. their tensor product. In each space H,. we assume we have 
operators T, , I77,9, s = l,..., K such that 
(I) T, : H,. + H,. is Hermitian (i.e., self-adjoint and continuous), 
(2) the operators VTrS : G?( I’,,) C H, - H, , s = I,..., h are selfadjoint- 
and pairwise commutative in the sense of having commuting spectral resolutions. 
This second assumption guarantees the existence of self-adjoint operators 
A, : .9(A,) C H, + H, with spectral resolutions P, , and of real-valued Bore1 
functions z’,, , defined on the real line IF!, such that V,., = a,,(A,) in the sense 
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of the functional calculus for the operators &--see [7, Sect. 130 pp. 335-3581. 
We shall assume further that the functions qs , Y, s = l,..., K are continuous 
so that we may claim that for bounded Bore1 sets M, C R we have 
(3) ~,WWr c g( VT& 
(4) V,,P,(M,) = P,(M,)V,.,P,(M,), Y, s = I,..., k. 
A further hypothesis will be 
(5) T,P,(M,)H, c Pr(M,)H, , Y = l)..., k. 
Each of the operators T, , Tim induces operators T,+, VJS in the tensor space H. 
T,+ is defined on decomposable tensors by 
and is extended to all of H by linearity and continuity. V,‘, is defined via its 
spectral resolution ;so that if V,, = SW X d&.,(h) we define 
v,t, = J’ x dEQh). R 
Note that the spectral measures E:y , I, s = l,..., k are pairwise commutative. 
This leads us to define the operator 
A,= - 1 I 
h 
& 
. .?? :::.!?! / ~[E~l(~ll) .. . &&)]. 
A,, ... A,, 
A,, : 9(A,) C H -+ H is then a self-adjoint operator in H and, as in our previous 
works, we make the definiteness hypothesis 
there exists p > 0 such that for allf E 9(Ao) 
G4l.L f) 3 /G f). 
Our assumptions and conclusions (l)-(5) enable us to claim that if M == 
MI x ... x Mk C R”‘, where each M,. is a bounded Bore1 set in 02, the operator 
P(M) defined by 
I’(M) = P,+(M,) ... Pb’(Mk): H - H 
has the following properties: 
(6) P(M)H C W,); 
(7) there is a constant p(M) > 0 such that 
(A,,Wf)f, P(M)f) < p(W /I P(Mlf 117 
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(8) 4ww = wf) 4fvf)- 
We also have 
(9) d;‘: H + s(d,) C H exists as a bounded linear operator. 
As an example of such a situation, consider the case H, = La(0, cc) -Lebesgue 
measure-with operators V,,q defined by 
where (LJ,.,(~,)}, r, s = I,..., k is a k x k array of continuous real-valued functions 
with 
det{il,,(x,)} > ,u > 0. 
The projections P, are then given by P,.(M,)f, = x,wrfr, where x,,,, is the 
characteristic function of M, . 
The form [f, g] = (O,f, g) is an inner product on 5(4,,) under which &(A,,) 
is, in general, not complete. We shall denote by HA C H, the completion of 
Q(d,) under [., .I. Details of the construction of HA from .?Z(da) may be found 
in [7, pp. 330-3341. We shall d enote the [., .I-adjoint of an operator Tin HA by 
T#. 
2. COMMUTING SELF-ADJOINT OPERATORS 
Let M = MI x ... x M, C F@, where each AI, C R is a bounded Bore1 set. 
We consider the multiparameter array in P(M)H given by 
Tl+P(M) V:,P(M) ... F$P(M) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
T,+P(W v;lP(W qk P(M) 
As in [2, Sect. 2j we define operators d,(M),..., d,(M) by 
t orgl,(M) = det 
Tl+&) V&Id) 
. . . 
* *. l&M) 
.,.............................................. 
.T=ll 
Tk+P(M) VL,P(M) -.. v;pP(nf) 
where CZQ, ,..., 01~ are arbitrary complex numbers. We immediately see that 
d,(M) = d,P(M). We define operators P,(M), s = I,..., k, by P,(M) = 
@d,(M): P(A2)H-t P(M)H. Note thatP(M)’ IS an orthogonal projection on HA 
as well as on H and so we may extend P,(M) to the entirety of HA be setting 
Ps(M) = 0 for f E (I - P(M))H^. The operators P,(M) are Hermitian and 
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pairwise commutative on HA--see the corresponding theory in [2]. Finally 
we define operators r, ,..., r, on HA by 
(i) G3(r,) = {fE A ] [., .] limM,n” r,(M)fexists}, 
(ii) for fE Q(r,), 
It is easy to see that the r, are [., .] symmetric on HA. 
THEOREM 1. Each operator rS, s = l,..., k is essentially self-adjoint in HA. 
Proof. rS is densely defined in HA, for if A; = N1 x ... x N,! , where each 
IV, is a bounded Bore1 set in R, then we see that P(N)f E 9(r,J for any f E H 
and in fact r,f is given by using the cofactor of 0~~ in the determinantal expansion 
T;, V;, ... V:, 
W)f. 
Thus we have established the existence of TSP. We also see that r$(iV)fE 
P(N)H^. 
We know rS to be [., .I-symmetric, so that to establish the theorem it suffices 
to show that rS has deficiency indices (0, 0). To this end suppose g E Q(r,-) is 
such that r,*g = ig. Let NC [w” be as above. Then 
--i[P(N)g, gl = [p(m3 r,*gi = [r,p(N)g, 81 = wvk, p(iv)gl. 
Note that -i[P(AT)g, g] is p urely imaginary while [r,qP(N)g, P(iY)g] is real, 
rS being [., .I-symmetric. Hence for any NC [w” of this form, [P(N)g, g] = 0 
and so g = 0. In like fashion we see that g E G?(r,S+) and r,-g == -i’ together 
imply g = 0. 
As in our earlier studies, we aim to establish that r, ,..., r,. are pair-wise 
commutative in H^ in the sense that their spectral resolutions commute. If we 
consider the multiparameter array 
[PrW,) TrPWr) W’,Wr)I:,s=, 
in the spaces P,.(M,)H, , where M, C R is a bounded Bore1 set, we may appeal 
to the theory contained in [2] and claim 
THEOREM 2. The operators r,Y(LW) ave pairwise commutative in HA. 
We should point out that the need for the solvability condition used in [2; 
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p. 251, section preceding Theorem 21 has recently been removed by Kallstriim 
and Sleeman [5]. 
We use Rellich’s Theorem [7, p. 3691 much as in our arguments in [3, Theorem 
21 and [4, section preceding Theorem 21. The upshot of these remarks is 
THEOREM 3. The [., .I-self-adjoint operators I’, ,..., J’, in H” are pairwise 
commutative. 
3. MULTIPARAMETER SPECTRAL THEORY 
We define an eigenvalue h and eigenvector f for our abstract problem to be 
a K-tuple h = (A, ,..., hk) of (necessarily) real numbers and a nonzero decomposable 
tensor f = fi @ . . . @fk with fr E CB( VT’,,), Y, s = l,..., K, for which 
T,f, + f W,,f, = 0, r = l,..., k. 
S=l 
THEOREM 4. Let /\I ,..., &) be an eigenvalue with corresponding eigenvector 
f-fiO...Of~.Thenf~~(r,)andr,f==X,f,s=l,...,k. 
Proof. WeknowthatfE9(V+?8),r,s=1 ,..., k,andsofE9(r,),s== I,..., k. 
In fact we may calculate r,f by using the cofactor of 01~ in the determinantal 
expansion 
. . . 
A,1 
;: p1 [;il 
. . . . . . . . . . . . . . . . . . . . . . . . . . . f. 
Tkt Vi1 ... V;, 
We appeal now to the solvability result of Kallstrom and Sleeman [5] and write 
i v;qP(M) rs(nl) f = -P(M) T,tP(M)f, r = l,..., k. 
.s=l 
Let AOra denote the cofactor of VGs in A,, . AOrs may be defined, as with A,, by 
using the functional calculus for the operators I/T, , r, s z I ,..., k. In the present 
setting we have f E 52(A,,,). We now have 
4,WW r,(M) f = - 1 A,,,P(M) T,tP(M)f. 
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Letting M---f FP we obtain 
r,f = -A,’ i A,,,T,?f 
7=1 
We have used here operator analogs of familiar calculations with determinants- 
see [I, Theorem 6.4.1, p. 1061. The calculations carry through in the present 
context by virtue of the fact that f E 9(V;,), r, s = I,..., k. This completes the 
proof of the theorem. 
As a partial converse to this theorem we present 
THEOREM 5. Let 0 f f E CB(I’,), s = I,..., k, be such that there exists X := 
(A1 ,..., Ah) E P with r,f = X,f, s = I ,..., k. Then each operator T, mk &, &I’,,< 
in H, has nontrivial kernel. 
Pyoof. Sate that &=, X,< I,‘, ,, is a self-adjoint operator in H,. defined by use 
of the functional calculus for the commuting operators I’,, , s =z I,..., k. We 
have 
P(M)r,f = h,qnqf, 
P(WCP(M)f + P(M)r,P(mM)f = &PW)f. 
We remarked earlier that P(M)r,P(hM)f = 0, and so we obtain 
r,(M)P(M)f = 4P(M)f. 
This enables us to apply [2, Theorem 4, p. 2511 in the space of=, P,(M,.)H, . 
This yields 
(P(M) T,+P(M) + i Q’;SP(M))f = 0. 
S=l 
Now P(M)f --f f and &, h,V’J, = (xf=, h,V,,)+ is a closed operator in H. 
Thus we obtain 
and 
jT,+~~h,V,,)if=O, Y= l,..., k. 
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We now use [3, Lemma 51 and claim that for each r = I,..., k 
f (01. 
The generalized eigenvector expansion and Parseval equality for vectors f E HA 
is now a ready consequence of the theory of several commuting self-adjoint 
operators-see Prugoveski [6, pp. 270-2851. The arguments are similar to 
those used in [3, 41. We leave the reader to supply details and conclude with 
THEOREM 6. There is an HA-spectral measure, E(M), dejined on the Bore1 
subsets of KP, oa?tishing outside the Cartesian product of the spectra of the operators 
r, ,..., r,, , and such that for f E HA 
(9 [fqfl = SF? wwf~fl~ 
(ii) f == JRk E(dh)f, 
this integral converging in the norm of HA. 
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